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Abstract. We discuss the vacuum Rabi splitting (VRS) from multilevel atoms under electromagnetically
induced transparency condition within the framework of linear absorption-dispersion theory. Sharp res-
onance features superimposed on usually occurring VRS doublet to three-peaked structure spectra are
obtained here which can be engineered to have absorptive, dispersive, or dip like profiles according to
the choice of system parameters such as radiative damping constants, atomic detunings and driving field

strengths etc.

PACS. 42.50.Pq Cavity quantum electrodynamics; micromasers — 42.50.Ar Photon statistics and coherence

theory

1 Introduction

Vacuum Rabi splitting (VRS) is considered as one of the
important landmarks to achieve non-perturbative regime
of cavity quantum-electrodynamics (QED) [1]. VRS has
been studied from microwave regime to optical regime
and from multi-atomic system to a single atom system.
Experiments of cavity QED in non-perturbative or strong
coupling regime for single atom were reported in the mi-
crowave domain using Rydberg atoms [2-7]. In one of
the pioneering work of cavity QED, Haroche et al. [2]
experimentally demonstrated self-induced Rabi oscilla-
tions in a collection of N Rydberg atoms inside a reso-
nant millimeter-wave cavity. In this experiment the atoms
exchanged energy back and forth at a rate 2peqvN /R
(where @: dipole matrix element of atomic transition,
eo: electric field per photon) in the microwave cavity.
With the strong coupling regime it is understood that
the atom-field coupling constant (go) is much larger than
the radiative decay rate of atom (7,) as well as the rate
of cavity damping of field (vVeqn). For single atom this
implies go > 7a,Veav and for N atoms it means that
90V N > Y4, Yeav. With the developments in cavity QED
experiments, the strong coupling regime was obtained in
optical domain also. In the optical domain, observations
of the VRS for N > 1 atoms were reported in the exper-
iments by Raizen et al. [8] and Zhu et al. [9]. The num-
ber of atoms were brought down to the level of one atom
on the average in cesium atomic beam experiment [10]
for observing VRS in the optical domain. In another ex-
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periment, using rubidium Rydberg atoms in a supercon-
ducting niobium microwave cavity, VRS corresponding to
N = 3 atoms had been observed [6]. The physical ori-
gin of VRS can well be explained using the dressed state
picture [11]. The name ‘vacuum Rabi splitting’ suggests
a phenomenon associated with quantum mechanics but
it has been explained using the classical theory of linear
absorption-dispersion [9]. In other words, the VRS is just
a normal-mode splitting of coupled harmonic oscillator in
which one of the oscillator is single mode field of the cavity
and another oscillator is atomic dipole. Very recently, the
related effect of Rabi oscillations has got a profound im-
portance in the semiconductor systems of quantum wells,
quantum dots, and micro-cavities etc. [12-14].

Discovery of the phenomenon of electromagnetically
induced transparency (EIT) in the last decade has given
a great deal of impact in the areas of quantum and non-
linear optics by providing control for the speed of light
in terms of group velocity modification, lasing without
inversion, potential to fabricate efficient electro-optic de-
vices etc. [15]. The EIT is exhibited as a result of quan-
tum interference and the induced atomic coherence in
multilevel atomic system is responsible for the modifica-
tion of linear absorption and dispersion of the atomic-
medium [16,17]. The EIT systems also exhibit enhanced
non-linear processes, e.g., harmonic generation [18], four-
wave mixing [19], two-photon absorption [20], all-optical
switching [21], optical multistability [22], slow light [23],
and electromagnetically induced focusing [24].

Here we report the VRS spectrum within the frame
work of classical model of linear absorption-dispersion for
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Fig. 1. Schematic diagram of a four-level atomic system in
inverted-Y configuration. Here, wp, wc, and wp are frequencies
of probe, coupling, and pumping fields, respectively.

a multilevel atomic system contained in a unidirectional
optical ring cavity or a Fabry-Perot (FP) cavity where
multiple beam interference theory is applied to calculate
the cavity transmission function. The multilevel atomic
system considered here is a four-level inverted Y-type sys-
tem which can be reduced to a three-level A-type sys-
tem by taking-off one laser beam. The three-level A-type
system has been extensively studied both theoretically
as well as experimentally as an EIT system useful from
a slow light medium to quantum memory medium [25].
Since both linear absorption and dispersion are greatly
modified for the EIT system in comparison to their two-
level counterparts, so it becomes interesting to analyze
how VRS spectrum gets modify for such systems when
compared with a two-level system. The remaining part of
the manuscript is organized as follows. In Section 2, we
present the model for calculating VRS spectrum for the
four-level EIT atomic medium inside an optical ring/FP
cavity. In Section 3, results are presented for the multi-
level EIT systems along with discussions. This is followed
by a summary and some concluding remarks in Section 4.

2 The model

The atomic model we use in this work is a closed four-
level system in inverted-Y type configuration as shown in
Figure 1. This kind of system has been experimentally re-
alized in rubidium atoms. Levels |1), |2), and [3) are in
usual three-level A-type configuration and level |4) along
with levels |1) and |2) forms a three-level ladder-type con-
figuration. So, this composite system is consisting of two
three-level sub-systems, viz., a A-type and another ladder-
type. The transition |1) to |2) (with atomic transition fre-
quency wiz) interacts with a weak probe field (Ep) of
frequency wp. A coupling field E¢ of frequency w¢e drives
the transition |3) to |2) (with atomic transition frequency
wag). We have another pumping field Ep of frequency wp
acting on the transition |2) to |[4) (with atomic transition
frequency way4). The radiative damping constants from |4)
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to 2), |2) to |3), and |2) to |1) being 73, 2, and 71, re-
spectively. The corresponding atomic detunings (Rabi fre-
quencies) for these transitions are Ap = way — wp (£2p),
Ao = waz —we (2¢), and Ap = wi2 —wp (£2p), respec-
tively. The non-radiative decay constant of level |3) to level
|1) is v9. The system becomes a standard A-type EIT con-
figuration if there is no pumping field Ep present. Hence
we can study both the three-level A-type EIT system as
well as the 4-level inverted-Y type EIT system using this
model.

The density-matrix equation of motion in dipole and
rotating-wave approximation for this system can be writ-
ten down as follows:

pi1 = 271p22 + 2v0p33 + i2p(p12 — p21),

pa2 = —2(y1 + V2)p22 + 2v3pa4 — i2p(p12 — p21)

—i82c(p32 — p23) — i82p(p2s — paz),
P33 = 2v2p22 — 270p33 + if20(p32 — p23),
pia = —2y3paa + 12p(p2s — paz),
piz2=—(71+ 72 —iAp)p12 +icp13
+i2pp1a +i02p(p11 — p22),
pia = —(v3 —i(Ap + Ac))p1a + if2pp12 — i£2ppay,

p2a = —(71 +72 +73 —iAp)pes — i2pp14
— 1020 pss + i02p(paz — paa),

piz = —(—i(Ap — Ac) +0))p13 + i2cp12 — i£2ppas,
pi2 = —(11 + 72 —iAc)ps2 +if2ppa1

+ i2ppsa + i2c(p3z — p22),
p3a = —(—i(Ac + Ap) + Y0 + ¥3)p34

+i02pp32 — iS2cpaa, (1)

with the trace condition ), p; = 1.

We confine the above discussed atomic system either as
a vapor cell or atoms falling from a MOT (magneto-optic
trap) in a unidirectional ring cavity of length L4, with
a travelling plane wave (neglecting the transverse effect).
The probe transmission frequency is very near to a cav-
ity resonance (transmission peak) of frequency weqy. The
transmission (reflection) coefficient of the cavity mirrors
be T(R). The atomic number density of the EIT system be
n = N/V, where V is the cavity volume. The atomic sam-
ple is contained in the length L such that L < L.4,. By
making use of the multiple beam interferometric analysis
we get the cavity transmission function as [26]

T2e—PL

To(wr) = (1— Re—PL)2 t 4Re—PLsin®(@(wp)/2)’

(2)

where GL represents the absorption in a single pass. Note
that we obtain the similar expression of T (wp) for a
FP cavity by adopting plane-wave approximation so that
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all transverse effects are neglected [9,27]. The round trip
phase shift (wp) through the cavity is given by

Bwr) = (Ap — Aun)/Ar + 200 — VLwpfe,  (3)
where the cavity detuning is Acqy = Weay —w12, the atomic
detuning is Ap = wp — w2, and the free spectral range
of the empty cavity is Ap = ¢/2Lcq0, with ¢ as the speed
of light in vacuum. The empty cavity resonance width is
defined as 7cqy = Ap/F, where F is the finesse of cavity
given by F = mv/R/(1 — R). The coefficient related to
the linear absorption () and the linear dispersion (n) for
the four-level inverted-Y system under weak probe field
excitation is given by

B~ ag
x Re : V;% oz ,
(71+727ZAP)+'YO_¢(AP—AC) v3—i(Ap+AD)
(4)
n~1-—ao
gi!
x Im o, 7 ,

(71 +72- ZAP) + Yo—i(Ap—Ac) + v3—i(Ap+AD)

(5)

in which ag = 2fone?/mcy; is defined as the absorption
coefficient at the line center, fy is the oscillator strength
of the transition |1) to |2), and e(m) is electronic charge
(mass) parameter.

At this stage we discuss the preparation of EIT sys-
tem for our study. For this purpose, we consider only the
three-level A-type system consisting of levels |1), |2) and
|3). The EIT effect in this system is due to the atomic co-
herence p13 between two ground states which is created by
the coupling field. In the dressed state picture, the com-
mon excited level |2) can be viewed as two dressed states
(|d1) and |dg)) through the ac Stark-splitting or Autler-
Townes effect created by the pumping field and EIT is due
to the combination of ac Stark-splitting and interference
between these two dressed states. The spontaneous decay
processes from the dressed states (|d1) and |d2)) are not
independent random processes and there is a correlation
between these two decay processes. So, the Fano interfer-
ence between absorption path from |1) to |d;) and from |1)
to |d2) will lead to no-absorption at center frequency from
the probe field even §2¢ is much smaller than v; or 2. In
this work we will consider mainly this regime of {2 and
02p,ie., Qc, 2p < 71,72, etc. so that we do not disturb
much the two-level atomic system which is being probed
by the probe laser. However, we will give some results for
relatively larger values of 2¢/v1 and 2p/~1 also.

3 Results and discussion

3.1 Three-level A-type atom

We first study the three-level EIT system in A-type con-
figuration of its levels. This can be obtained by setting
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Fig. 2. Cavity transmission function with respect to the nor-
malized probe frequency. The cavity resonance is tuned to
the probe transition of the atom (Acqw = 0), Ap/v1 = 750,
Yeav/11 = 1.5, apL = 0.02, and F' = 500. Curves A, B, and
C, are for a two-level atom with (y1 = 1, 72 = 0), three-level
atom with (71 = 1, v2 = 1), and three-level atom with (y1 =1,
~v2 = 10), respectively.

simply 2p = 0 in our general four-level configuration in
Figure 1 and the expressions for 5 and 7 in this case take
the following form

2!

(71 +72 —idp) + ~Yo—i(Ap—Ac)

B ~ agRe

71
‘ O
(71 +72 —idp) + ~Yo—i(Ap—Ac)

n~1—aolm

Substituting equations (6, 7) into equation (2) leads to
the desired VRS spectra for the three-level EIT system in
A-type configuration under various parametric conditions.
In Figure 2, we plot VRS spectrum for a two-level atom
(curve A). The parameters selected for this purpose are
apgL = 0.02 (low single pass absorption), Ap/y1 = 750
(selecting a high finesse optical cavity), Veaw/71 = 1.5
(almost equal cavity and atomic resonance widths), and
Acapy = 0 (assuming atom-cavity resonance condition).
The curve B in Figure 2 represents the effect of second
nearby ground level with decay constant v2/v1 = 1.0 (but
without any field, i.e., Ec = 0). Clearly, both the peaks
become broader but still resolvable. In curve C (Fig. 2) we
keep v2/v1 = 10.0 (E¢c = 0) and the two peaks merged
into a single peak. In the presence of nearby ground level
(Ec = 0) the system behaves like an effective two-level
atomic system having two decay channels from the ex-
cited state. The behavior of the system, meaning VRS
gets resolved into two peaks is governed by the larger ;,
(i = 1,2) value relative to FSR [8]. As we are keeping oL
and 1 unchanged and ounly varying v2/v1, so it is clear
from equation (2) that the cavity transmission peaks as a
function of Ap/~; are getting broader in width and reduc-
ing in height with increase in 2/ value till they merge
and become a single peak but then the height increases.
Also, the slope of the function ¢(wp) provides qualita-
tive idea about the width of cavity transmission profile. It
is easy to verify that the slope of #(wp) decreases around
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Ap = 0 with increase in 72/71, causing broadening of Next, we discuss the VRS spectrum in a true A-

cavity transmission resonances, such that they can not
be resolved when 2 /1 = 10 (curve C, Fig. 2) under the
FSR selected in this case. The zeros of &(wp) provides the
number of peaks (having absorption profile like features)
in VRS spectrum. If $(wp) has one zero then there is only
one transmission peak. For three zeros there are two peaks
in VRS spectrum, for five zeros there are three peaks in
VRS spectrum and so on. The slopes of &(wp) at these
zeros provide the widths of the resonances as discussed
above.

type EIT system (shown in Fig. 3) with 2¢/v1 = 0.08,
Yo/11 = 1073, Ac/m1 = Ap/m = 0, 2p/y = 0 and
remaining parameters same as in Figure 2. Curves A, B,
C, and D are for 75/y1 = 5, 3, 2, and 1, respectively. It is
clear from Figure 3 that VRS spectrum changes for EIT
system in comparison to the two-level system. We get a
sharp cavity transmission resonance at Ap/y; = 0 be-
sides one or two broad transmission peaks depending on
the value of 72 /71 as discussed above (Fig. 2). In Figure 4,
we study the effect of v9/v1 on the VRS spectrum of the
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EIT system with 2¢/y1 = 0.01, 72/ = 1, and other ~o/y1 = 1073, Ac/y1 = 0 and the remaining param-

parameters same as in Figure 2. Curve A, which is for
the effective two-level system with vy2/y1 = 1, 2¢ =0, is
given here just for the sake of comparison. Curves B, C,
and D are for 79/71 = 107°,107%, and 1073, respectively.
By keeping 2¢/v1 < 1, we are more or less maintaining
the undisturbed two-level atom condition for the probe
transition. The sharp resonance peak is a sensitive func-
tion of 79 /71. As vo/v1 increases this central sharp peak in
VRS spectrum diminishes in amplitude (curves B to D).
We have depicted ¢(wp) in Figures 5A and 5B for the
two cases discussed above in Figures 4A and 4B. Clearly,
&(wp) crosses three times the z-axis in Figure 5A and
have two peaks in the VRS spectrum while it crosses z-
axis five times in Figure 5B and hence have three peaks in
the VRS spectrum. The slope of #(wp) around Ap =0 is
very steep in Figure 5B and hence the width of this peak
is very small (a sharp resonance) in Figure 4B.

Figure 6 displays the effect of increasing coupling field
strength on the VRS spectrum of the three-level A-type
EIT system. For this purpose we keep vo/v1 = 1.0,

eters same as in Figure 2. Curves A, B, C, and D are
for 2¢/v1 = 0.01,0.03,0.05, and 0.08, respectively. The
sharp central cavity transmission resonance situated at
Ap/y1 = 0 becomes more and more prominent in in-
tensity with the increase in coupling field strength (E¢)
alone. Physically, this is because the dip in absorption
spectrum of EIT system gets enhanced as E¢ increases
(the increased E¢ causes quantum interference to become
more prominent). The effect of changing coupling field fre-
quency detuning (Ac/v1) is presented in Figure 7. The
parametric conditions are similar to Figure 6, i.e., we keep
y2/71 = 1.0, 90/71 = 1073, and 2¢ /71 = 0.08 etc. Here
curves A, B, C, and D are for A¢/y; = 0.0,0.5,1.5, and
2.0 respectively. Clearly, the sharp cavity transmission res-
onance changes its height, shape and direction with the
changing value of Ac/~1. In curve A, this resonance is
situated at Ap/~; = 0 with a normal absorption profile
like feature. It changes to dispersion profile like features
in curves B and C but with the decrease in magnitude,
located at Ap/y1 = 0.5 and 1.0, respectively. Physically,
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the characteristics features of three-level A-type EIT sys-
tem under non-zero value of Ax /v, are reflected here.
Finally at Ac /v = 2.0, this transmission peak becomes
inverted (a dip) and its location is at Ap/v1 = 2.0. So,
it is possible to generate a variety of shape controllable
sharp cavity transmission profiles (at desired locations) in
the VRS spectrum of an EIT system with the variation of
system parameters. Lastly, for this system we consider the

0.5, 1.0, and 2.0, respectively.

effect of higher coupling field strength (E¢) on the VRS
spectrum (Fig. 8). In Figure 8, we keep 7o/v1 = 1073,
v2/7v1 = 1.0, Ac/~1 = 0, and remaining all other param-
eters same as in Figure 2. Curves A, B, C, and D are
for 2¢/v1 = 0.2, 0.5, 1.0, and 2.0, respectively. For mod-
erately high coupling fields (curves A, B) ounly the cen-
tral transmission peak is affected in its width but the side
peaks are more or less unchanged. As the coupling field
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strength is further increased (curves C, D) the width of
central peak is further enhanced. Physically, this could be
attributed to the widened EIT window as well as promi-
nent Stark effect as a result of enhanced coupling field
strength. The magnitudes of the side peaks and their
widths also change as the linear absorption-dispersion of
the system is greatly modified at higher coupling field
strengths.

3.2 Four-level inverted Y-system

The four-level inverted-Y system under consideration is
a generalization of the two three-level EIT sub-systems
joined together. One of the sub-system is a A-type three-
level system while the other one is a ladder-type three-
level system as discussed above. These two sub-systems
cooperate each other in enhancing the EIT phenomenon.
Thus one can get here enhanced VRS features over the
above discussed A-type system for an appropriate choice
of the parameters. However, we will discuss only some
other interesting observations in VRS spectrum from this
system arising under different values of the frequency
detuning parameters Ag/v1 and Ap/v1. We plot VRS
spectrum in Figure 9 with v2/y1 = 1.0, 70/ = 1073,
’}/3/’}/1 = 10_27 Qc/’}/l = 0087 QD/'Yl = 0087 and
remaining parameters same as in Figure 2. Curves A,
B, C, and D are for (A¢/v1 = 0.1, Ap/ym = 0.1),
(Ac/m1 = 1.0, Ap/m1 = 1.0), (Ac/m1 = 1.5, Ap/m1 =
1.5), and (Ac/v1 = 2.5, Ap/y1 = 2.5), respectively. Since
the four-level inverted-Y system is a double EIT system so
we get two sharp cavity transmission resonances (curve A,
Fig. 9) situated at Ap/y; = 0.1 and —0.1, respectively.
Hence, the main characteristics of this kind of EIT sys-
tem is that now there are four-peaks in the cavity trans-
mission spectrum. Two broader peaks are due to the usual

two-level VRS and remaining sharp (with sub-natural line-
widths) peaks are because of the double EIT system. With
the variation of the values of Ax/v1 and Ap/v1, we can
alter the relative separation of these sharp peaks, their
shapes (absorption profile like feature to dispersion profile
like feature or dip like feature), and relative magnitudes
etc. which can clearly be seen in curves B, C, and D of
Figure 9. The difference in the magnitudes of two sharp
peaks in curve A is because the value of 3/ is different
from vy /1. In order to see the variation of function ®(wp)
in the four-level inverted-Y system we have plotted this
function with respect to Ap/v; in Figures 10A and 10B
for the two cases discussed above in Figures 9A and 9B.
In Figure 10A we find that the function @(wp) is cross-
ing x-axis seven times resulting into four peaks (having
absorption profile like features) and the places where vari-
ation of its slope is very fast give rise to the sharp features
in the cavity transmission spectrum (Fig. 9A). On the con-
trary, in Figure 10B, we observe one absorption profile like
feature and one dip like feature and these correspond to
sharp dispersion like features in the cavity transmission
spectrum (VRS spectrum, Fig. 9B) of this EIT system.
If we reverse the sign of one of the detunigs then both
the sharp peaks will be situated on same side and they
may coincide with each other if the magnitudes of the two
detunings are exactly equal. Thus, we can engineer vari-
ous patterns on the VRS spectrum by variation of Ac /71
and Ap/v1. Physically, it is because of the characteristics
EIT features of the four-level inverted-Y system which in-
fluence the VRS spectrum. Finally, in Figure 11 we show
the effect of higher coupling and driving field strengths
on the VRS spectrum of inverted-Y system. The parame-
ters used for this purpose are 7o/v1 = 1073, 72/71 = 1.0,
v3/y1 = 1072, Ac/y1 = 0.1, Ap/y1 = 0.1, and remaining
parameters same as in Figure 2. In Figure 11, curves A, B,
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C, and D are for (2¢/v1,2p/v1) = (0.2, 0.2), (0.5, 0.5),
(1.0, 1.0), and (2.0, 2.0), respectively. For moderately high
field strengths of coupling and driving fields (curves A, B)
only the two central peaks are affected in their widths and
the remaining two side peaks are more or less unchanged.
As we increase the coupling and driving field strengths fur-
ther, the two central peaks becomes broader and broader
and merge together to produce sharp narrow dip in the
center (Figs. 11C and 11D). For very high fields just one
peak at the center is surviving. This is due to the enhance-
ment of EIT windows as well as Stark effect in both the
sub-systems. In curves C and D, magnitudes and widths of
the side peaks also change due to the modification in the
linear absorption-dispersion characteristic of the system
at higher strengths of coupling and driving fields.

4 Summary and conclusions

To summarize, we have studied the vacuum Rabi-splitting
from a three-level system in A configuration (exhibiting

EIT) and a four-level system in inverted-Y configuration
(exhibiting double EIT) within the framework of linear
absorption-dispersion theory and multiple beam interfer-
ence analysis of an optical ring resonator. The results are
compared with the VRS spectrum of usual two-level atom
within the same framework of the analysis. Sharp features
(having sub-natural linewidths) in the transmission spec-
tra are obtained because of the EIT exhibited by these
systems. The width, height, shape and direction of these
sharp features are easily controllable with the system pa-
rameters like field strengths, frequency detuning and ra-
diative damping constants. We also get prominent three
peaked VRS spectrum when the coupling or/and pump-
ing field strengths are increased. These results are in con-
trast with the results from a two-level atom. A possible
experimental observation of the features predicted in this
paper can be realized in a scheme involving hyperfine lev-
els of ’Rb atoms. In this scheme, the levels |1), [3), |2),
and |4) being the states 5281 5(F = 1), 52S; )o(F = 2),
52Py/o(F" = 1) and 5°Dy 5 (F” = 2), respectively. The ra-
diative decay constants of levels |[4) and |2) are 0.69 MHz
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(~ 230 ns) and 5.3 MHz (~ 30 ns), respectively. The tran-
sition dipole moment for the coupling field transition (level
I3) to [2)) is about 1.5 x 1072Y coulomb meter and for the
pumping field transition (level |2) to [4)) is 0.2 x 10729
coulomb meter approximately. The laser power (for cou-
pling and pumping lasers) requirements for the Rabi fre-
quencies used in the above calculation could be in the
range from a few microwatt/cm? to a few milliwatt/cm?
for the laser beam spot of size 750 um. The power require-
ment for the probe transition is calculated by assuming the
intracavity intensity for this transition should be far below
from the saturation intensity (which is about 1.7 mW /cm?
for the probe transition). One can use probe power in a
range of a few picowatts/cm? for a 80 ym spot size of the
laser beam. In a recent proposal a controlled transfer of
the quantum state of a photon wavepacket to and from
a collective atomic spin excitation using EIT has been
shown [25]. Our this work may be useful in cavity quan-
tum electrodynamics implementation of such experiments
with more flexibility due to controlled double-EIT for in-
formation storage and processing with a very low photon
numbers. Also, the time domain analysis related to self-
induced Rabi oscillation of these EIT systems on the lines
of reference [2] could give very interesting results which
will be presented elsewhere.
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